The Chow group of a del Pezzo surface over a local field
The purpose of this Note is to give complete details of the example sketched in [6] to illustrate the method for calculating the Chow group of a rational surface over a local field split by an unramified extension of the base. The example concerned a del Pezzo surface ; the construction of a regular integral model and the determination of the specialisation map are carried out here. As this construction has been referred to in the literature [4] , it might not be entirely out of place to make it more widely available.
So let p = 2 be a prime number, K a finite extension of Q p , o the ring of integers of K and v : K × → Z the normalised valuation of K. Let d ∈ o × be a unit which is not a square and let α, β, γ, δ ∈ K × be invertible elements of the field K whose valuations satisfy v(α) = v(β) + 1, v(δ) = v(γ) + 2. The condition on d (that it be a unit) is essential to the method ; the conditions on the valuations of α, β, γ, δ are not. They could be related in other ways but the case we have chosen suffices to illustrate the method.
In the projective space P 4,K with coordinates r : s : t : u : w, consider the surface defined by : (1) α(dr 2 − s 2 ) = β(t − u)(t + w),
it is a del Pezzo surface of degree 4, birational over K(
So the natural map Pic X K → Pic X K is an isomorphism -where K is an algebraic closure of K and K is the maximal unramified extension of K in K -and the main technical hypothesis of [6] is satisfied.
In order to apply the method of [6, th. 4] , we first need to construct a regular projective o-scheme X whose generic fiber X K is the surface (1) and the irreducible components of whose special fibre are -with their reduced structure -smooth over k, the residue field of K. We will then need to calculate the image of the resulting specialisation map [6, (30) ], which amounts to computing the intersection numbers [6, (1) ] of the curves in the special fibre X k with the various irreducible components of Xk, where k is the residue field of K. This is carried out in the following ten steps : i). The naïve model X 0 ii). The first blow-up X 1 iii). The first special fibre X 1,k iv). Singularities of the transform X 1 v). The second blow-up X vi). The second special fibre X k vii). Regularity of the transform X viii). The evaluation map ix). The Picard groups x). The specialisation map i).-The naïve model X 0 . Let π be a uniformising parameter of K. Multiplying by powers of π and by units, one sees that the surface (1) is the generic fiber of the projective o-surface X 0 defined in E 0 = P 4,o by :
Let us determine the singularities of the special fibre X 0,k of X 0 , which is given in P 4,k by the system :
where x ∈ k denotes the reduction modulo πo of x ∈ o. It has two irreducible components, A 0 and B 0 , defined in X 0,k by :
The union of the singular loci of A 0 and B 0 is defined in X 0,k by the system r = 0, t = 0. Since we are interested in constructing an o-surface the irreducible components of whose special fibre (with their reduced structure) are smooth over k, let us blow up the closed subscheme of X 0 defined by
But before doing that, let us see if there are points of X 0,k , not on (4), which are singular on X 0 : it comes down to checking which points of the intersection A 0 ∩ B 0 , apart from the point r = 0, t = 0, u = 0, w = 0 which is already on (4), are in fact singular on X 0 . One verifies that at all these points, with the possible exception of
A 0 and B 0 are Cartier divisors on X 0 ; as they are regular at these points, so is X 0 . On the other hand, a calculation shows that the two points R 0 and S 0 are singular on X 0 .
ii).-The first blow-up X 1 . Let us first construct the ambient space of which X 0 blown up at (4) is going to be a closed subscheme. Let (1)) be the projective bundle over E 0 = P 4,o whose fibres are projective planes P 2,o with coordinates P : R : T. The blow-up of X 0 along (4) is by definition the closed subscheme X 1 defined in E 1 by the system (2) and the system
iii).-The first special fibre X 1,k . The special fibre X 1,k of X 1 is defined in E 1,k by the system (3) and the reduction modulo π of the system (5). The four irreducible components of X 1,k are defined in X 1 by the systems
It is to be noted that, k ′ being the quadratic extension of k obtained by adjoining a square root of d, there is natural morphism A 1,k ′ → P 2,k ′ (coordinates r : s : u) whose fibre at a given closed point x is the pair of points P = 0, dR 2 − T 2 = 0 of the projective plane P 2,k ′ (coordinates P : R : T) which is the fibre of E 1 → E 0 at x. The irreducible component A 1 thus consists of two conjugate projective planes which do not meet ; in particular, it is smooth over k. The same holds for B 1 .
As for C 1 , one sees that the fibre of the projection C 1 → P 1,k (coordinates s : w) at a given point (s : w) is the conic
in the plane P 2,k fibre of E 1 → E 0 at the said point. Thus, C 1 is a conic bundle over P 1 with two degenerate fibres, namely those above (s : w) = (0 : 1) and (1 : −1) ; in particular, C 1 is smooth and absolutely irreducible. The same holds for D 1 , which is a conic bundle over P 1,k (coordinates s : u) whose fibre at any given point (s : u) is
It should also be noted that the intersection of A 1 and B 1 is a pair of conjugate lines which do not meet and that C 1 and D 1 meet in the conic
in the fibral P 2,k at the point of intersection of the two lines above which C 1 and D 1 are conic bundles.
iv).-Singularities of the transform X 1 . Let us determine the singularities of the strict transform X 1 (given by the systems (2), (5)). As the projection X 1 → X 0 is an isomorphism in the complement of C 1 ∪ D 1 in X 1 , the inverse images of R 0 and S 0 , namely
2 is free of rank 2 : one has the relation
which shows that π ∈ I 2 . As the trace in question (the conic (6) deprived of its closed point P = 0) is regular of codimension 2, it follows that X 1 is regular at these points.
Finally, it turns out that the closed point defined in C 1 ∩ D 1 by P = 0 and in X 1 by M 1 : P = 0, t = 0, u = 0, w = 0 is indeed singular on X 1 ; it is also the point where the four irreducible components of X 1,k meet. Thus the only singularities of X 1 are the three points R 1 , S 1 , M 1 ; their union is defined by
v).-The second blow-up X. We first construct an ambient space E 2 from E 1 in the same manner as E 1 was constructed out of E 0 in ii) above, but this time the fibres are P 3,o (coordinates V : U : W : Z) of " weights " (0 : 1 : 1 : 3) (just as they were of weights (0 : 1 : 1) in ii) above). In E 2 , the blow-up X of X 1 along (7) is defined by the systems (2), (5) and the system 
from which we get the relation
showing that M is of multiplicity 2 in X k . The divisor corresponding to the special fibre thus consists of 2 1 1 2 2 2 where the second row indicates that the only absolutely irreducible components are C and D, each of the five others splits as two irreducible components overk -the residue field of K. These are in fact defined over the quadratic extension of k in which d ∈ k is a square.
The the mutual intersections of these seven components are easy to compute and will be of use later. vii).-Regularity of the transform X. Let D be the union of the three divisors R, S, M of X ; its complement is regular since it is isomorphic to X 1 deprived of the closed subscheme (7), which we know to be regular (cf. iv) above). Now the Cartier divisor D (defined by P = 0 when V = 0, by t − u when U = 0, by t − w when W = 0 and by t(dr 2 − t 2 ) when Z = 0) is regular and hence so is X at each of its points. This shows that the scheme X is everywhere regular. -Pic C. Let f C be the inverse image under C → C 1 of a fiber of C 1 → P 1 which does not pass through the point M 1 . The group Pic C is generated by the classes of the three divisors f C , C ∩ B, C ∩ M.
-Pic D. In an analogous fashion, the group Pic D is generated by the classes of the divisors f D , D ∩ A, D ∩ M.
-Pic R, Pic S, Pic M. The group Pic R is genrated by the divisors R∩A and R ∩ B. The same is true for Pic S and for Pic M.
x).-The specialisation map [6, p. 7] . We need to determine the images of the specialisation maps Pic Y → Hom k (F, Z) [6, (30) ], where Y runs through the irreducible components of X k . In other words, we have to determine the subgroup of Hom k (F, Z) generated by the images of the various divisors on X k which we have listed in ix) above. Ruling out such cases, we are reduced to computing the images of the ten divisors which have had the honour of being designated by a gothic letter. These images are expressed in terms of the canonical basis (f Y ) Y of Hom k (F, Z), where Y runs through the irreducible components (8) of the special fibre X k :
Notice that the " degree " of each column is 0 (i.e. ξ vanishes at that element of Hom k (F, Z)), in accordance with [6, lemma 10] -for example the degree of the first column is ξ(−2f A + f B + 2f D ) = (−2).2 + 1.2 + 2.1 = 0 (cf. (9)). Now the map γ 0 [6, (16) ] is an isomorphism of the Chow group A 0 (X K ) 0 of 0-cycles of degree 0 on X K with the torsion subgroup of the quotient of Hom k (F, Z) by the subgroup generated by the columns of the displayed matrix [6] . Hence :
PROPOSITION. -The Chow group A 0 (X K ) 0 of 0-cycles of dgree 0 on the surface (2) is isomorphic to Z/2Z. 
